Kinases in signaling pathways are commonly activated by multisite phosphorylation. For example, the mitogenactivated protein kinase Erk is activated by its kinase Mek by two consecutive phosphorylations within its activation loop. In this article, we use kinetic models to study how the activation of Erk is coupled to its abundance. Intuitively, Erk activity should rise with increasing amounts of Erk protein.
INTRODUCTION 16
The MAPK signaling pathway is one of the best studied param. [ Overexpression of signaling proteins is a common conse-82 quence of the massive genomic alterations in cancer and it is 83 generally believed that this alteration will increase pathway ac-84 tivity or may cause spontaneous pathway activation. However, 85 our results show that a distributive two-step activation of Erk
The concentrations of Erk, kinase K and phosphatase P can 111 be calculated from the conservation relations: 112 K = K T − C 1 − C 2 (7) P = P T − D 1 − D 2 (8)
The kinetic parameters used for numerical simulation are 113 shown in table 1. Several parameters of the model have been 114 estimated in vivo in HeLa cells (26) . All rate constants that 115 describe the formation of an enzyme-substrate complex have 116 been assumed to be identical, the same was assumed for the 117 dissociation rates of these complexes.
118
Model with Erk deactivation by two different 119 phosphatases 120 We describe the model in terms of modifications to the basic 121 model. The conservation relations for the total kinase K T and 122 the total amount of Erk, Erk T , remain unchanged, however, 123 we have to replace equation (8) by two equations for the 124 conservation relations for one phosphatase, P 1 and the 2nd 125 phosphatase, P 2 126 P 1 = P 1T − D 1 (10)
Model equations (1) and (2) 
where the concentrations of Erk, kinase K and phosphatase P 148 are given by the conservation relations phosphorylation in vivo outweigh the evidence for a quasi-195 processive mechanism (34-37).
Numerical simulations and calculations

196
We therefore developed a kinetic model which accounts shows a similar behavior as it approaches the concentration of 225 total ppMek, here called K T (Fig. 2B ). This shows that ppMek 226 becomes saturated with unphosphorylated Erk at increasing 227 levels of the latter. This is reminiscent of a mechanism de-228 scribed previously as kinetic tumor supression for a single 229 modification cycle. (22), and this mechanism will be key to (2), this upper limit can be derived by calculating the math-240 ematical limit of pErk as total Erk approaches infinity (22).
241
However, there is an easier approach. As we consider a sce-242 nario involving large amounts of total Erk, we can assume to higher velocities, but the smaller v max,K sets an upper limit 254 to this steady state velocity (see Fig. 3B ). In consequence,
255
unmodified Erk accumulates while pErk approaches an upper 256 limit. This limit can be derived from the steady state condition 257 when the kinase operates at saturation:
We see from equation (24) Erk and finally approaches a limit, given that v max,K < v max,P 277 (Fig. 2) . This is due to progressing saturation of ppMek
278
-however, now ppMek can either be bound in a complex 279 with Erk (C 1 ) or pErk (C 2 ). As C 2 approaches 0 and C 1 the 2nd cycle ( Fig. 2A) .
295
As either the kinase (phosphatase) is sequestered in the first 296 (second) phosphorylation cycle, the limit of single phospho-297 rylated Erk in a dual phosphorylation cycle can be calculated 298 like in a single phosphorylation cycle: (1) and (2) remain unchanged but the equations (3) and (4) 318 that describe the temporal development of the phosphatase 319 in complex with its two different substrates can be dropped.
320
Assuming that dephosphorylation of single phosphorylated 321 Erk proceeds with rate d 1 and dephosphorylation of dual 322 phosphorylated Erk with rate d 2 , equations (5) and (6) are 323 rewritten to and product (38). However, we can approximate
because the concentration of the complex formed by ppMek 330 and monophosphorylated Erk, C 2 , is significantly smaller than 331 C 1 and ppErk has the smallest contribution to the total level 332 of Erk.
333
In equation (28) and (29) Erk T and K T denote the re-334 spective total enzyme concentrations of Erk and ppMek. The 335 steady state of this simplified system has a closed form and 336 reads: (Fig. 4B) where the conservation relations of 345 (28) and (29).
347
Using the analytical solution from equation (33) we can 348 now derive the concentration of Erk at which ppErk is maximal.
349
The derivative of ppErk by the level of total Erk
Condition (36) is only fulfilled when 
Note that this model will always create a bell-shaped response 360 as it is built on the assumption that the phosphatases cannot 
Quantification of the activation limit 378 Using the equations (39) and (40) Mek is activated, maximal levels of active Erk can be found 383 at 2.3 µM which is about 3 fold more than the average Erk 384 expression level measured in HeLa cells (Fig. 4B) . Also, only 385 2% of Erk is activated at the peak, which means that 5%
386
Mek activity is attenuated to only 2% of Erk activation at Fig. 5A .
414
When the two phosphatases outcompete the kinase in 415 both cycles, ppErk shows the same non-linear profile as was 416 seen before (Fig. 5B) . The bell-shaped response of ppErk 417 is also found when phosphatase 1 has a larger turnover rate 418 than the kinase, but not phosphatase 2 (Fig. 5C ). However, 419 if only the phosphatase 2 has a higher maximum turnover 420 rate than the kinase, the formation of single phosphorylated 421
Erk is proportional to the amount of available Erk and ppErk 422 approaches a limit like in a single modification cycle (Fig.   423 5D).
424
It can be concluded that as long as the phosphatase domi- A, The basic model was modified to a scheme in which two different phosphatases deactivate Erk (see Material and Methods section). We show the steady state amounts of pErk and ppErk for different levels of total Erk when v max of the phosphatase exceeds the level of v max of the kinase in both cycles (B) and when the phosphatase has a higher maximum turnover rate than the kinase in only one out of the two cycles as indicated at the top of the panels C and D. the phosphatase in complex DY1. 474 We can conclude that we still find a bell-shaped pYpTErk Figure 6 : Limits to active Erk in the ordered model of Erk (de)activation. A, According to the ordered model Erk is phosphorylated and dephosphorylated on tyrosine first. B, Simulation of steady state of the different modification states of Erk and of the enzyme-substrate complexes C1 and DY1 when varying the amount of total Erk. All kinetic parameters and concentrations of modifying kinase and phosphatase have been set to 1, except for k catdy1 = 2. As a consequence v max of pYErk dephosphorylation exceeds v max of Erk phosphorylation to pYErk. C, Like in B, but now k catdt1 is the only parameter set to 2, which makes v max of pTErk dephosphorylation larger than v max of Erk phosphorylation to pYErk.
The prerequisite for this phenomenon is the distributive nature multisite protein phosphorylation by the order of phos- 
